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Abstract. We study the arithmetic of certain del Pczzo surfaces of degree 2. 
We produce examples of Brauer-Manin obstruction to the Hasse principle, coming 
from 2- and 4-torsion elements in the Brauer group. 
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1. Introduction 

Del Pezzo surfaces are smooth projective surfaces, isomorphic over the algebraic 
closure of the base field to x or the blow-up of P^ in up to 8 points in general 
position. In the latter case the del Pezzo surface has degree equal to 9 minus the 
number of points in the blow-up. The arithmetic of del Pezzo surfaces over number 
fields is an active area of investigation. It is known that the Hasse principle holds for 
del Pezzo surfaces of degree at least 5. 

Counterexamples to the Hasse principle were discovered for del Pezzo surfaces of 
degrees 3 and 4 (see and [J, respectively). A growing body of evidence (for 
instance, f^) led to the question of whether the failure of the Hasse principle for del 
Pezzo surfaces is always explained by the Brauer-Manin obstruction; this question is 
specifically raised by Colliot-Thelene and Sansuc in [7j. Computer verifications for 
diagonal cubics in ^ and theoretical advances, such as ^3], [21], lend support to 
an affirmative answer to this question. 
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A del Pczzo surface of degree 2 can be realised as a double cover of ramified in 
a smooth quartic curve. In this note we consider surfaces S over Q of the form 

= Ax'^ + By^ + C7J. (1) 

We compute the Galois-theoretic invariant Br(5')/Br(Q) and produce examples of 
obstruction to the Hasse principle (see [HI, JS] for background). We obtain: 

Theorem 1. Let S have the form where A, B, and C denote nonzero integers. 
Then Br(S')/Br(Q) is isomorphic to one of the following groups: 

(1), Z/2, Z/4, (Z/2)e(Z/2), 
(Z/4) e (Z/2), (Z/2) e (Z/2) ® (Z/2). 

The simplest of our examples, the case p = 3 of Example [S] is the assertion that 

= ~6x^ - 3y^ + 2z^ (2) 

has no rational solutions aside from the trivial solution. Here, a completely down-to- 
earth formulation of the proof is that, rewriting ((SJ as 

+ (2x2 _ y2-^2 ^ 2{x^ + y2 + z^){-x^ -y^ + z^) 

and supposing [w, x, y, z) to be an integer solution with no common prime factors, 
we get a contradiction to the expression on the right being a sum of squares from the 
factors + + and — x^ — y"^ + z"^ each being congruent to 3 mod 4, yet having 
no common prime factor congruent to 3 mod 4. Example [S] shows that |2Jl fits into 
an infinite sequence of counterexamples to the Hasse principle. A more sophisticated 
example. Example |H1 is of particular interest, since the obstruction comes from a 
4-torsion element in the Brauer group. By |18| . only 2- and 3-torsion Brauer group 
elements occur for del Pezzo surfaces of degree > 3. 

The tool we use is group cohomology. Let be a Galois extension of Q, and let G 
denote the Galois group Gal(F/Q). If Pic(S'F) is equal to the geometric Picard group 
M := Pic(5Q) then we have 

Br(5)/Br(Q) =i7i(G,Af). (3) 

More generally, the Hochschild-Serre spectral sequence gives rise to the following exact 
sequence: 

— > Pic(5) — > Vic{Sf)^ — > kcr(Br(Q)^Br(F)) 

— > ker(Br(5)^Br(S'F)) — > H^{G,Vic{SF)) — >H^{G,F*). (4) 

In this paper, we compute the group ^ and represent lifts of elements to Br(S') by 
Azumaya algebras. By and cohomological dimension, such lifts exist after perhaps 
enlarging F; what happens in practice is that it is often possible to take [F : Q] quite 
small and still have iJ^(G', Pic(5i?)) isomorphic to Br(5)/Br(Q) and the final map 
in trivial. Lastly, we explain the computation of local invariants and obtain the 
above-mentioned examples. 

In an Appendix we show that in the case of the diagonal cubic surfaces considered 
in [B] the present techniques give rise to cyclic Azumaya algebras. This simplifies the 
construction of cocycle representatives and the local obstruction analysis, as compared 
with the original consideration of bicyclic group cohomology. 

We take a moment to highlight instances where the arithmetic of del Pezzo surfaces 
of degree 2 has already been studied. Our examples are new, and this is the first 
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systematic study of a class of degree 2 del Pezzo surfaces. However, some special 
classes of degree 2 del Pezzo surfaces do fall within the scope of existing results. 
These include: 

(i) Blow-ups of higher degree del Pezzo surfaces. One can, for instance, start with 
a degree 4 del Pezzo surface which violates the Hasse principle, such as can 
be found in j^, and blow up a conjugate pair of points (which, as mentioned 
in , always exist on such a surface) to obtain a del Pezzo surface of degree 
2 which is a counterexample to the Hasse principle. 

(ii) Double coverings of Chdtelet surfaces. We are grateful to CoUiot-Thclcne for 
providing the following example. We consider the equation 

w'+x'^{y^-2){3-y'). (5) 

This defines a (generalised) Chatelet surface which fails to satisfy the Hasse 
principle. We now replace by x'^ in the equation; there remain points in all 
completions of Q, so we get a degree 2 del Pezzo surface which fails to satisfy 
the Hasse principle. Note (cf. 0) that ^ belongs to an infinite sequence of 
counterexamples to the Hasse principle given by Iskovskih II Ij . 

(iii) Birational models of conic bundles with six degenerate fibres. Many del Pezzo 
surfaces of degree 2 fit this description; the referee is credited with suggesting 
this source of examples. Notably, for surfaces of the form 

r'+s'^f2{t)f4{t) (6) 

with f2{t) and f^it) irreducible polynomials of degrees 2 and 4, respectively, 
Swinnerton-Dyer has shown that the Brauer-Manin obstruction is the only 
obstruction to the Hasse principle T^. In fact the same is true for weak 
approximation; see |16| . This means that on any smooth projective model, 
the rational points are dense in the set of adelic points not obstructed by 
Brauer classes. As a concrete example, the Brauer-Manin obstruction is the 
only obstruction to weak approximation for the del Pezzo surface given by 

= 52-2^2 _ _^ 26y'^ z^ - SOz^ - Ax^z - Uxy^z + 2Axz^. 

This is birational to the surface ® with f2{t) t^ + S and fi{t) ^t^ + t^ + 2: 

„i/ o X y „ 9 a;^ + 4w^ — 6z^ 
r = 2- + i^, s= t- + 2r, t= . 

z z z w + xy 

Our examples are not covered by cases (i)-(iii). We discuss this briefly at the end of 
Section El 

The authors would like to thank J.-L. CoUiot-Thelene for helpful discussions and 
correspondence. 

2. Geometry 
Consider the surface S given by the equation 

= Ax^ + 5/ + Cz^ 

in the weighted projective space P(2, 1, 1, 1), where A, B, and C are nonzero integers. 
It is a double cover of P^, branched over the twisted Fermat quartic curve 

Q = Ax^ + By^ + Cz^. 
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Let a, b, c denote some chosen 4-th roots of A, B, C, respectively. The 56 exceptional 
curves on S are the pre-images of the bitangents to the quartic. These are given by 
the following equations 

Sax + by = 0, Sby + cz = 0, Scz + ax = 0, where S"^ = —1, (7) 

aax + Pby + jcz ^ {a^ = = = 1). (8) 

Multiplying the equation © by a scalar doesn't change the line it defines, so it is 

natural to index the line by an element (a,/?, 7) S ^4^. Each bitangent lifts to 

a pair of exceptional curves in S: for example, the pre-image of the line given by 

5ax + by — Q is the pair of curves with equations 

I 2 2 
w — ±c z . 

These will be denoted by Lz.5,±- There are 24 exceptional curves lying over the lines 
in 10. The pre-images of the lines in are given by 



w — ±\'2{a(3abxy + (3jbcyz + ajacxz) . (9) 

The ambiguity ± is resolved by scaling the tuple (a,/3, 7); we denote by L^^p.-y the 
pre-image ^ with the sign taken to be so now (a,/?, 7) is considered to be in 
l^l/ fi2. We thus have the following description of the exceptional curves on S. 

Proposition 1. The 56 exceptional curves on the del Pezzo surface are as follows, 
where a, b, and c denote chosen A-th roots of A,B,C: 



Lz,5,± ■ 


Sax + by 


= 0, 


w 


= ±c^z\ {S 


^ = -1) 


Lx,5,± ■ 


Sby + cz 


= 0, 


w 


= ±a2x2, {S 




Ly,S,± ■ 


Scz + ax 


= 0, 


w 


= ±6V, {S 


^ = -1) 


La, (3,^ ■ 


aax + (3by + 


7CZ = 


w 


= ^/2{a[3abxy + 


Pjbcyz 



ajacxz), 
{a,f3,j) G ^1/^2 ■ 

Geometrically, the Picard group of S has rank 8. We choose the basis indicated in 
the following statement. 

Proposition 2. Let S be the del Pezzo surface iQJ, and set ( — e^''!^. Then the 
geometric Picard group Pic(S'Q) is the free abelian group on the generators 

vi = [Lx.c,+] V2 = [Lx,e,~] W3 = [Ly,c,+] va = [Ly,C_3,^] 

The class Vi has self-intersection —1 for i < 7 and self-intersection 1 for i — 8. The 
intersection number of u,; and Vj is for i ^ j ■ The anticanonical class is 

-Ks = - "2 - - W4 - "5 - We - wy + Sws- (10) 

The identities displayed in Table^hold in Pic(S'Q); these, coupled with (|10|) determine 
the class of any exceptional curve. 

Proof. Each exceptional curve has self-intersection —1. Each pair of curves lying 
above a bitangent to the Fermat quartic has intersection number 2. Other intersection 
numbers are or 1 and are readily determined. In particular, the intersection numbers 
among the Vi are as claimed, and the Vi span Pic(S'Q). The anticanonical class is 
the class of any pair of curves lying above a bitangent to the Fermat quartic. The 
anticanonical class and the classes listed in Table ^ are determined by computing 
intersection numbers with the Vi. □ 
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[Lx,c'!>,+\ 


= -vi 


— v^ - 


f W8 


[Lx,C-] 


= -W2 


— 7J7 - 


f W8 




= -W3 


— - 


f W8 




= -W4 


— Vj - 


f W8 




= -Vb 


- Vj - 


f ws 




= -W2 - 


' V3 + 


W8 




= -W5 


- We - 


f W8 




= -Wl ^ 


- W4 - 


h Wg 




= -Ul - 


~ We + 


W8 




= -W3 - 


- V5 ^ 


~ U8 




= "W3 


- Vi - 


f W8 


[Li,-i.-i 


] = -wi 


- W2 


+ W8 


[-^1,-1, i] 


= -W2 


- W5 + "8 




= -W4 - 


- We ^ 


- vs 




= -U4 - 


- W5 + 


W8 




= -W2 - 


- We ^ 


- vs 


[-^4,-1.-1 


= -U3 


- We 


+ W8 


[-^4,-1, -i 




- W5 


+ W8 


[L^,-^^] 


= -Wl 


- W3 + W8 




= -W2 


- W4 


+ W8 



Table 1 . Classes of the exceptional curves 



3. Galois group - generic case 

Let G be the Galois group of the extension 

F ■.^QiC,a\b/a,c/a) (11) 

over Q (where C = e^*/**). The subextension Q{C)/Q corresponds to a normal sub- 
group H of index 4. The quotient group is the Klein four-group. In the generic case, 
we have \G\ — 128. The Galois group can be described as follows. 

Proposition 3. Let A, B, and C be nonzero integers, with chosen A-th roots a, b, 
and c, respectively. Let F be as in and suppose the degree of F over Q is 128. 

Then the Galois group Gq — Gal(i^/Q) is generated by elements 

which act by 





a 


T 




Lb 




a' 


a' 


a' 


-a' 


a' 


a' 


b/a 


b/a 


b/a 


—ib/a 


ib/a 


b/a 


c/a 


c/a 


c/a 


—ic/a 


c/a 


ic/a 


c 




e 


c 


c 


c 



The action on the exceptional curves is as follows: 





a 


r 


ta 


ib 


ic 


Lz.S.s 


Lz.cr{5).s 


Lz.t{5).s 






Lz,S, — s 


Lx.S.s 


Lx,(7{S),S 


Lx,t{S),s 


Lx,6,~-s 




Lx,—iS,s 


Ly.S.S 


.fT(6) .s 


Ly.r(S).S 


L/y. — iS.s 


Ly^S, — s 

















4. Group cohomology 



We start with a review. If G is a group, a standard free resolution of Z is 

:= • • • Z[G X G X G] ^ Z[G x G] ^ Z[G] , (12) 

where the augmentation map Z[G] ^ Z is given by g 1-^ 1 (for all g G G) and where 
each map in is of the form 

n 

{90, ■■■9n)^ ^(-l)*(5o, • ■ • ,94, • ■ • ,5™) • 

i=0 
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The action oi g E G on any of the terms in H12(l is the diagonal left multiplication 
action. We may identify 

Z[GxG] ^ ®g,eGnG], 
ig,gg') ^ (0, . . . , g, . . . , 0) , ^'^^ 

where the unique nonzero entry g is in the g'-th position. We also identify 

Z[GxGxG] ^ e(,,,,.)eGxG^[G], .... 

{g.gg'^gg'g") - (o, . . . . . . ,o) , ^ ^ 

where the unique nonzero entry g is in the [g' ^g")-th position. 

Let M be a G-module. Now the complex Hom(C^, M) is identified with 

C'a^M--=M^^M^ M.... (15) 

g'eG (g',g")eGxG 

Here the f;'-th coordinate of the map ism ^ g' ■m^m and the {g\ g")-th coordinate 
of is (. . . ,mg, . . .) ^ g' ■ mg" — irigig" + nig'. Of course, H'^{G,M) is identified 
with the i-th cohomology of (|15|l . For instance, the kernel of <P is the module M'^ of 
G- invariants of M . 

Now let be a subgroup of G. Since restriction is an exact functor, is a 
resolution of Z as an iJ-module. We choose a set Q C G of coset representatives, so 

We have an isomorphism of i/-niodules 

Z[G] ^ ®,eQm]. .l6^ 
/^q (0,..., /»,..., 0), ^ ^ 

where /i appears in the g-th position (h E H,q E Q). Also 

Z[G X G] ~ 0(g./i',g')eQx//xQ ^[-^] ' /-|7^ 

(/iq,/l/lV) ^ (0,. ..,/!,... ,0) , ^ ^ 

where h appears in the {q,h',q') position. We can project the resolution to the 
standard resolution . Under the identification (|16|l the map on the degree zero 
component is the sum of the \Q\ projection maps, and under the identifications (|13|l 
and H17|) the map on the degree 1 component sends the element (0, . . . , /i, . . . , 0) from 
(I17|) to (0, . . . , ft., . . . , 0) with h in the h' position. Applying Horn// (— , M) we get an 
inclusion of complexes into Hom^f (C^, A/), and via our identifications, 

M ^®hM 

(18) 

®qM ^®q.h.qM • 

This allows us to take elements of H^{H, M), represented as cocycles via the standard 
resolution, and realise them as cocycles in the complex HomniC^ , M). 

Now we discuss cohomology of group extensions. Assume that there is an exact 
sequence of groups 

l^H^G^Q^l. (19) 
Then Q acts on the cohomology H''{H, M) for all q, and there is an associated stan- 
dard spectral sequence 

= HP{Q,H''{H,M)) ^ HP+'^{G,M) . (20) 
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This leads to a 5-term exact sequence 



^ H^{Q, M") ^ H^{G, M) H\H, M)'^ ^ 



H^{Q,M") ^ H^{G,M) . (21) 



The following is standard, but we will later use the formulas that are explicitly 
given. 

Proposition 4. Given the exact sequence of finite groups p9|l and a G-module M, 
then 



defines an action of Q on the complex Honi/f (C^, M), with invariants HomG'(C^, M). 
When G is a semi-direct product of H and Q, and we use (|16() and ()17|l to identify 
Homjy (C^,M) with the bottom row of (|18|) . the action of q £ Q is given explicitly by 



For many groups G there are more efhcient resolutions than the standard resolution. 
These are well known for finite abelian groups (for instance, the case of bicyclic 
groups enters the calculations of The following proposition captures the essential 
data needed to compute and express elements there as cocycles for the standard 
resolution, in the case of abelian groups with up to three generators as well as dihedral 
groups. 

Notation 1. Let G be a finite abelian group and g E G an element of order n. 
Put Ng := 1 + g + ■ ■ ■ + g"-^^ and Ag := 1 - g in Z[G]. For gi,...,g^ S G and 
ii,. .. ,i^ e Z the element in Cp which, under the identification (|13|l is the vector 

(0, . . . , 1, . . . , 0) with 1 in the {g\^g2^ • ■ • gl,")-t]i position, is denoted i^. Similarly, 

given i[, . . . ,il E Z the element in which, under the identification H14I) is the 

i' i' i' 

vector (0, . . . , 1, . . . , 0) with 1 in the {g^g^ ' ' ' 91" ^ 9i 92 ' ' ' 9^")-^^ position is denoted 

,.. .,2^ ,2^ ,. . . ■ 

Proposition 5. For each of the following classes of groups G there exists a resolution 
of by free Zi[G]-modules as stated. In each case there is a morphism of complexes 
as indicated to this resolution from the standard resolution. 

(i) G = li/n, generated by g E G: 



q: {(p: Z[G"] M) ^ (q-) o ip o {q'^-) 



q- {... ,mq,. ..) = {. . .,q-mg-i 

q- {..., m.g^h\q' ,...) = (..., q • Wg-lg^g- 



QT ■ ■ 



^h'q.q ^ q' ; ■ ■ ■ 




• • • z[g; 




Z[G] 




Z[G] , 



with : C.G ^ Ci"l 



given by 




1 



9 



9 




(ii) G = Z/rt © "L/m, with factors generated by g and h: 



Ci"^"'i := • • • Z[G]^ 



Z[G] 



Z[G] , 



where 
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with (j^"'"*! : qG _^ jjh.™] gly^^ l/y 

a^"l(a,,,) = {-l-g 9'-\^g'il + h+--- + h=-^)) 

(iii) G = li/n® li/m © Z/^, with factors generated by g, h, and u: 









A„ 








-A, 







A„ 











-A, 


-A„ 


N, 



where 



■ ,, [n,Tn,e] ^ln,m,e] ■ , 

wtth a, : C, L, given by 

= (-1 9'-\ -ffXl + • • • + h^-^), -g^h^l + ■■■+ u^)) 

(iv) G = T>n, the dihedral group generated by g and h, with g" ^ h^ = {gh)"^ 

Z[G] , 



Ngh 




and D\ — (Ag ^h), md cr,' ; C, * given by 
\a,) = {-l-g g , 0) , 

c^i (A) = .9 ,-3 ) , 

where ai is as in Notation^for the cyclic subgroup generated by g, and where 
Pi is the element of corresponding to g^h G G. 

Proof. All that is involved is checking, in each case, that we have indeed specified 
(the tail end of) a resolution of Z as a Z[G]-niodule, and that the morphism from 
is a morphism of complexes. □ 

In each case (G abelian or dihedral), if we are given a G-module M, then applying 
HomG(— , M) to the complex presented above gives a practical method for computing 
group cohomology of G. For instance, if M is a G-module with G = Z/n, generated 
by g, then H^{G, M) is the ith cohomology of 

— >M — >■■■ . (22) 

Notation 2. In the complex obtained by applying IIomG(— ,M), the maps will be 
denoted as in Proposition [SJ but with the super- and subscripts interchanged. For 
example, A^g ^ : will denote the map that sends the element (m, 0) to 

(to + g ■ m + ■ ■ ■ + g"^^ ■ m,m, ~ h ■ m, 0). 

By applying the efficient resolutions of Proposition [S] to the group Q acting on 
Hom// (C^,M) in Proposition^ we can write the spectral sequence H2U|) at the Eq 
level. This is necessary for computing dj' in (|21|l . hence for computing H^{G, M). 

For example, when Q is bicyclic we have: 
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Corollary 1. If we have an extension of finite groups ()19|1 with Q bicyclic, then ()20|l 
is the spectral sequence of the bicomplex 



Hom^(Z[G2], M) ^ HoniH(Z 



HomH(Z[G],M) ^HomH(Z[G],M)2 ^ HomH(Z[G], Af)^ 



5. Computation of Br(S')/Br(Q) in the generic case 

In this section we explain the computation of H^{G, M), where M — Pic(5F), in 
the generic case G = Gq. We start by constructing, for each generator of G, the 8x8 
matrix representing its action on M, referring to Propositions |2] and |21 In principle, 
H^(G,M) can be computed using the standard resolution (|15|l . In this case the 
map di would be given by a 131072 x 1024-matrix, which makes direct computations 
impractical. However, G fits into a split exact sequence 

1^ H ^G^Q^l (23) 

with H = (Z/4)^ (^/2) generated by La, Lb, and LaLbLc, and Q = (Z/2)^, generated 
by a and r. The technique of Section 0] simplifies the computation considerably. 

Proposition 6. For the generic Galois group G = Gq, the cohomology group H^{G, M) 
is isomorphic to Z/2. 

Proof. We use the 5-term exact sequence (|21|l . First we compute — M'^ — Z, 
spanned by the anticanonical class. In particular, H^{Q, AI^) — 0. Thus H^{G,M) 
is equal to the kernel of the map 

cP/ : H\H,Mf ^ H\Q,M") . 

We consider the diagram in Figure ^ where the bicomplex Eq'"^ of Corollary ^ is 
written using the identifications (|16|l and H17|) . The group [H, M) is computed 
by the complex on the left side of the diagram. In this diagram the horizontal ar- 
rows labeled CTj^ ^ 2] ^-i^d give quasi-isomorphisms of complexes. The linear algebra 
required to compute Ker(M'^ M^) is quite modest and the cohomology group is 
identified as 

H\H,M) = Z/2 . 

It remains to take a single cocycle representative of the nonzero element of {H, AI) 
(necessarily Q-invariant in this case, though as noted below, Q-invariance is tested a 
bit further on in the diagram chase) and follow it through the diagram to determine 
whether it lies in the kernel of • 

We start with a representative in AI'^ for the nontrivial element A e H^{H, AI), for 
instance, 

u = ((0, 0, 0, 0,-1, -1,-1, 1), (0, 0, 0, 0, -1, 1, 0, 0), (0, 0, 0, 0, -2, 0, -1, 1)). 

Let V denote the image in E^'^ of u by the composite of three horizontal maps in 
Figure ni Now v will in general lie in the image of if and only if A is Q-invariant. 



10 



ANDREW KRESCH AND YURI TSCHINKEL 



E 



0,2 



^[4,4,2] 



'f4 4 21 _ 



1,2 




E, 



■2,1 



Figure 1. i5o spectral sequence 



In this linear algebra solver produces 



((0,0,0,0,-l,l,0,0)*^ (0,0,0, 0,-1, -1,-1,1)*")) 



satisfying ^^''^(wo) = v, where each vector with superscript *4 denotes the element in 



0Q M with the vector repeated 4 times. Applying the cobounday map E^' E^ 

to uq necessarily produces an element in the image of 12, representing in 
H^{Q, M^). This can be tested for being a coboundary; in the present case we get 
exactly. So d"'^ is trivial, and H^G, M) = Z/2. □ 

Corollary 2. // the del Pezzo surface S given by ^ is general, meaning that the 
hypotheses of Proposition\^are met, then we have 

Br(5')/Br(Q) =Z/2. 

In Example El below, we will see how to construct explicitly an Azumaya algebra 
representing the nontrivial element of Br(S')/Br((Q) and use it to test the Brauer- 
Manin obstruction. 

6. The non-generic case 

We start by presenting some examples when the Galois group is smaller than in 
the generic case. 

Example 1. Consider the case {A,B,C) — (—6,-3,2). The Galois group of the 
field F, defined in Hll|l . has order 32; it is an extension of the Klein four-group by 
(Z/4) (Z/2). It is possible to write G as a split extension 

1 ^ iJ ^ Z/2 ^ 1 

where H = (Z/4)^, generated by Laib and aTLa^c, and Z/2 is generated by a. In this 
case, we compute H^{H,M) = 0. By (EU, H^{G,M) is isomorphic to H^{Z/2,M"). 
We find that has rank 2, spanned by 

(-1,-1,-1,-1,-1,-1,-1,3), (1,1,1,1,1,1,0,-2), 

hence is isomorphic to Z0Z', where Z' is free of rank 1 with nontrivial Z/2-action. 
So, we have 

H\G,M) = Z/2. 
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As in the generic case, we have M'~^ = Z, that is, Pic(5) has rank 1. 

Example 2. The case {A,B,C) — (1,1,-2) is interesting because Pic(5') has rank 
2. The Galois group G fits into an exact sequence 

1 ^ Z/4^ Z/2 ^ 1 

with subgroup H = Z/A generated by Lear and Z/2 generated by r. As in Example ^ 
we have H^{H, M) = 0. Now has rank 3, with generators 

(-1,-1,-1,-1,-1,-1,-1,3) , (0,0,0,0,1,-1,0,0) , (0,0,0,0,1,1,1,-1) , 

and the action of r fixes the first 2 vectors and negates the third. Hence 

H\G,M) =Z/2, 

and Pic(5) has rank 2. 

Example 3. The case {A, B, C) = (1, 1, 1) yields G = Gal(Q(C)/Q), the Klein four- 
group, and we directly compute 

H^{G,M) = (Z/2)3. 

In this case Pic(5') has rank 1. 

The comprehensive treatment proceeds via a case-by-case computer analysis of 
subgroups of the generic Galois group. We obtain the following, as our main result. 

Theorem 2. Let S have the form where A, B, and C are nonzero integers. 
Then Br(5')/Br(Q) is isomorphic to one of the following groups: 

(1), Z/2, Z/4, (Z/2) e (Z/2), 

(Z/4)®(Z/2), (Z/2) e (Z/2) e (Z/2). 

Also, Br(S')/Br(Q) is nontrivial in every case where Pic(S') is isomorphic to Z. 

Proof. Given such S, a choice of 4-th roots a, b, c of the coefficients leads to a 
realisation of G = Gal(Q(C, a'^,b/a, c/a)/Q) as a subgroup of the generic Galois group 
Gq. This will be a subgroup mapping surjectively to Q via the map in 1)23(1 . Computer 
analysis reveals that every subgroup of Gq which maps surjectively to Q can be 
expressed as a semi-direct product of abelian groups. 

We recognise that the same group cohomology must arise from any two subgroups 
which differ by conjugation, or by the obvious outer action of S3 on Gq corresponding 
to permutations of the x, y, and z coordinates. More generally, the full group of 
automorphisms of Pic(S'Q) preserving the intersection pairing and the anticanonical 
class is the Weyl group W{Ey); see jj^l- This is a group of order 2903040, generated 
by Go and the group 67 of permutations of vi through W7. Any two subgroups of Go 
that are conjugate in W{E7) must have same cohomology. There are 194 classes of 
subgroups of Go, up to conjugation in W{Ej), which contain a group that surjects 
onto Q. When the methods of section^ are applied to a representative of each class 
of subgroups, the group that results is always one of the groups listed in the 
statement of the theorem. Moreover, the trivial group arises as H^{G,M) only in 
cases with the rank of M'^ greater than or equal to 2. 

There are too many classes of subgroups to list them all, so we content ourselves 
with displaying, in Table|21 all the maximal subgroups of Go that surject onto Q, up 
to the Sa-action. These are grouped by conjugacy in W{Ei). For each subgroup, 
we display the cohomological invariants, the condition on A, B, and G that forces 
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G 


Br(S')/Br(Q) 


Pic(S') 


Condition 


Example 


{iaa, iaib, l-aic, t) 


Z/2 


Z 


-2Ai?C e (Q*)^ 


(-15,10,3) 


/ \ 

[taCr, tb,ic,T) 


Z/2 


z 


-2y4 e (Q ) 


(-2,3,5) 


('•af, ial-b, l-cT) 


Z/2 


z 


—2AB G j 


(-6,3,5) 


{baT, LaLb, LaLc, Cr) 


Z/2 


z 


2ABC e (Q*)^ 


(3,10,15) 


{baT, bb, be, a) 


Z/2 


z 


2A e (Q*)2 


(2,3,5) 


{baT, babb, bc,<y) 


Z/2 


z 


2AB e (Q*)^ 


(-6,-3,5) 


{baCJ, babb, l-al-c, CTt) 


(1) 


z® z 


-ABC e (Q*)^ 


(-15,3,5) 


{baa, bb, be, <7t) 


Z/2 


z 




(-1,3,5) 


{baa, ba, LaLb, be, ar) 


Z/2 


z 


-AS e {Q*Y 


(-63,7,15) 


{babb, babe, a, t) 


Z/2 


z 


ABC e (Q*)^ 


(3,5,15) 


{b},,be,a, t) 


Z/2 


z 




(1,3,5) 


{it, babb, be, a, t) 


Z/2ffiZ/2 


z 


AB e (Q*)^ 


(-63,-7,5) 



Table 2. Possible Galois groups among maximal subgroups of Go 



the Galois group to be contained in the subgroup, and a representative (A, B, C) 
for this subgroup. The complete list of subgroups, together with accompanying 
magma code, can be found under the computing link at the first author's web page 
http : //www . maths . Warwick . ac . uk/~kresch/. □ 

Remark 1. The significance of Pic(S') being isomorphic to Z, according to the Enriques- 
Manin-Iskovskih classification of surfaces, is that these are the minimal surfaces which 
are not conic bundles. 

7. Examples of Brauer-Manin obstruction 

Here we compute the Brauer-Manin obstruction to the Hasse principle in several 
representative cases. 

Example 4. The case {A,B,C) = (-25,-5,45). The group G ^ Gal(i^/(Q) has 
order 32 and fits into an exact sequence 

1 -> iJ G ^ Z/2 1 

with H = (Z/4) © (Z/2)^, generated by b^bbLe, l^, and ar, and Z/2 generated by 
ababb- Computing, as in the previous section, we find 

H^{Z/2, M") ^ H^{G, M) (24) 

in the sequence (|21|) . with equal to the span of (—1,-1,— 1,-1,— 1,-1,— 1,3) 
and (1, 1, 1, 1, 1, 1, 0, —2). Hence, as in Example^] we have 

H\G,M) = Z/2. 

Because of (|24|l . there will exist a class in Br(5), not in Br((Q), which is annihilated 
by the field extension Q ^ Q[i] = . This makes it convenient to carry out the 
procedure described in ^1 Chap. VI] for constructing a central simple algebra over 
the function field of S which is the restriction of a sheaf of Azumaya algebras that is 
nontrivial in Br(5')/Br(Q). This works as follows. Let a be any divisor on Sq^i-^ whose 
class in M = Pic(S'i?) is (1, 1, 1, 1, 1, 1, 0, —2). Since a and its complex conjugate a 
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sum to in M there will exist a rational function g whose divisor is a + a; then we 
consider the quaternion algebra 

(-l,5)eBr(5). 

We can take a to be the class of a conic minus an anticanonical divisor, 

a = D - {z = 0), 

where the conic D C Sq[^ is taken to lie above a conic meeting the Fermat quartic in 
4 tangencies, e.g., 

-5x^ - 2y^ + 9z^ = 0, w ^ i{3y^ - 6z^). 

It is easy to check that a has the correct class in M. With this choice, we can take 

g = -h{x/zf - 2{y/zf + 9. 

By the geometry underlying the choice of D, we have 5 > for any [x : y : z] & 
P^(Q) that has real points over it in 5*. It is now only necessary to complete p-adic 
analyses at the primes p = 2 and p = 3 (since 5-adically, Q[i] is a split extension of 
Q). For the 2-adic analysis, we assume x, y, and z to be 2-adic integers, not all even, 
and find by analysis mod 16 that the condition —25x'^ — + 45z^ should be a 2-adic 
square implies x and z are odd and y is even. So, without loss of generality, we may 
take z = 1. By mod 32 analysis, the only possible values of (x, y) mod 8 are 

(1,2), (1,6), (3,0), (3,4), (5,0), (5,4), (7,2), (7,6). 

In each case we find g = 12 (mod 16), hence (— 1, 5) is ramified at all 2-adic points of 
S. By a similar analysis mod 27 we find that at any 3-adic point x and y are prime 
to 3, hence so is g, and {—l,g) is unramified at all 3-adic points of S. Therefore S 
provides an example of Brauer-Manin obstruction to the Hasse principle. 

Example 5. Here we show that Example ^ fits into an infinite family of examples of 
Brauer-Manin obstruction to the Hasse principle. Consider 

{A,B,C) = (-2p, -p,2), 

where p is any prime such that 

p = 3 (mod 16). 

The computation of the group cohomology is exactly as in Example^ So, H^{G, M) = 
7fi(Z/2, M") = Z/2. We proceed as in Example|t| 
By the condition on p we may write 

p^u"^ + 2w^ 

for positive integers u and v, necessarily both odd. Define s = (— 1)("~")/2. Solving 
for the plane conic tangent to the quartic at the points (± -y/ su/p, ± 2v jp) , we find 
that with the curve D given by 

—sux^ — vy^ -|- = 0, w ~ i{—2vx^ -f suy'^), 

the cycle D - {z = 0) has class (1, 1, 1, 1, 1, 1, 0, -2) in M. Set 

g — —su{x/zY — v{y/zY + 1- 

Then (-1,5) is 

(i) unramified at real points of S] 

(ii) ramified at all 2-adic points of 5; 

(iii) unramified at all p-adic points of S ; 
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and there is a Brauer-Manin obstruction to the Hasse principle. 

We leave the verification of (i)-(ii) to the reader. For (iii) we need the following 
lemma. 

Lemma 1. Let p he a prime with p — i (mod 16). Write p — u'^ + for positive 
integers u and v. Now, if we let y be a solution to y'^ — —2 (mod p) then we have 
vy^ = (-l)(«-")/2y (modp). 

Proof. The two square roots of —2 mod p are zLuv~^. So j/^ = zLuv~^ (mod p) and 
the lemma is asserting that the correct sign is 

(_l)("-i')/2^ or equivalently, that 
= (_i)(«-'«)/2. (25) 

By quadratic reciprocity, 

Q., (H) M-i)<— (£). 

If p' is a prime dividing v, then p is a quadratic residue mod p' . This and a similar 
consideration when p' divides u yield 

(^)- - (?)-■ 

By mod 16 analysis, u = ±1 (mod 8), hence (1) = 1. So, H25|l holds. □ 

To establish (iii) we claim that for any p-adic integer solution {w,x,y,z) to (^3), 
with not all of w, x, y, and z divisible by p, the p-adic integer z^g = —sux'^ — vy^ + z^ 
is not divisible by p. Indeed, since 2 is not a quadratic residue mod p we must have p 
dividing z, hence x and y are nonzero mod p. Without loss of generality we suppose 
X = \. Now y must be a 4-th root of —2 mod p. The claim follows from Lemma ^ 

Example 6. Here we give a recipe for testing the presence of Brauer-Manin obstruc- 
tion to the Hasse principle in the generic case, i.e., when the Galois group has order 
128. This occurs precisely when the set 

{A'^B^C'<{-\)'¥ I (a,/3,7,<^,e)G{0,l}^\{(0,0,0,0,0)}} 

contains no perfect squares (see Table 121. 

Let S be such a surface, and assume S has rational points in all completions of Q. 
By CoroUaryia we have Br(S')/Br(Q) = H^{G,M) = Z/2. We use the fact that G 
has a subgroup of index two 

H = {CTT, lI, LaLb, ^al-c, iaO") 

with the property that 

M^ = ((-1,-1, -1,-1, -1,-1, -1,3), (1,1, 1,1, 1,1, 0,-2)), 

and hence H^{G/ H, M^) ^ H^{G,M). Therefore, we can construct a quaternion 
algebra as in Example 01 In this case, 

F" = Q(V-ABC). 

Let 6 = \^—ABC, and let (rg : sq : to) he a Q(6')-rational point on the conic 

Ar^ + Bs^ + Ct^ = 0. (26) 

By our assumption on S, such a point exists by the Hasse principle: local solutions 
to ^ arise by rewriting ((TJ as iidz'^)^ + ABv?) / {{By'^f + ABx^) = A. Now 

Arox^ + Bsoy'^ + CtQZ^ = 
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defines a conic over Q{9), meeting the quartic curve in tangencies. By the identity 

C^tliAx-^ + By^ + Cz^) + ABC{snx^ ~ r^y'^f 

+ C{ArQX^ + BsQy^ + CtQZ^)(ArfiX^ + Bsay"^ ~ Ctoz^) = 0, 

there is a curve D on 5'Q(e) defined by 

ArQx"^ + Bsoy^ + Ctoz^ = 0, e{sQX^ - roy^)/{Cto) 

such that the union of D and its conjugate is rationaUy equivalent to twice the anti- 
canonical class. This rational equivalence is given explicitly by the rational function 

g := (Arisi + A^SCraSa) + [Bsf - A^BCrj){y/xf + Csito{z/xf + ACr2tow/x^, 

where we suppose to £ Q and write 

ro " ri + and sq = si + S26'. 

To test the Brauer-Manin obstruction to the Hasse principle for S, one has to analyse 
the quaternion algebra 

{-ABC.g) 

at real- and Qp-valued points of S (for p dividing 2 ABC) . 

We give an example of nontrivial Brauer-Manin obstruction in this case. Consider 
[A,B,C) = (-126,-91,78). Then we may take = -13, Sq = -12, and <o = 21, 
and g is proportional to 

3-K2(2//a;)2 + 3(z/a;)2. 

In this case the quaternion algebra {—ABC, 3 + 2{y/x)'^ + 3{z/x)'^) is ramified at all 
Q2-points of S and unramified at all points in all other completions. 

Example 7. The case {A, B, C) = (34, 34, 34). Here G = Gal(F/Q) is isomorphic to 
(Z/2)3: 

G = {Lal^bl-cC^, T,a). 

We have H^{C,M) — (Z/2)'^. In fact, for the index-two subgroup 
we have spanned by 

(1,-1,0,0,0,0,0,0), 
(0,0,1,-1,0,0,0,0), 

(0,0,0,0,1,-1,0,0), ^ 



(-1,-1,-1,-1,-1,-1,-1,3), 



and 



H^{C/H,M") ^ H\C,M). 

Here, a in G/ H acts nontrivially on the first three vectors in H27|l and trivially on the 
last. We have 

F" = Q(V^). 

Using (EH) we can identify elements of Br(5)/Br(Q) with the image of the (— 1)- 
eigenspace of (under the tr-action). To produce quaternion algebras represent- 
ing a given element of Br(S')/Br(Q) we need to find divisors defined over Q{y/—17) 
representing particular classes in . Notice that the class of any combination of 
exceptional curves defined over Q(V— 17) in is a coboundary of (|^ . Hence, we 
need additional cycles defined over Q(V— 17). We use descent to produce line bundles 
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on S'Qjy^Yy-) and obtain the desired cycles as loci of vanishing of rational sections of 
these line bundles. 

Here we explicitly carry out the task of representing the class of the first entry of 
l|77|l in Bt{S). Set p = Laibi-cCr. Over F = Q{y/-17, C) we have 

- [ix,c^-] = (1. -1. 0' 0, 0, 0, 0, 0) (28) 

in Pic(S'F)- Consider the line bundle 0{[Lxx,+] — [LxX^,-]) together with isomor- 
phisms 

and 

These constitute descent data (for the covering Sp —* Sq^^^^jy)) provided that the 
diagram 



i 



p(f) 



C(ii,C,+ ^ ^xX'^-) 
commutes. The isomorphisms given by 



satisfy this condition if and only if 5, 77 € F satisfy 

5p{5) = -l, (29) 

eT(e) = l, (30) 

5p{e)^T{5)e. (31) 

One solution to |(2ni)-lEIl) is 



(5=n/^C-4C^ and £ = 4C + \/^C^. 
This yields, by effective descent, a line bundle E on S'Qj-y^Yy-j. 
Using and descent, we see that 

f ■■=l + p{ri)+T(0+p{TlT{i)) 

defines a rational section of £. We write / as a quotient of quartic polynomials and 
observe that / has (with respect to local trivializations of £) a simple pole along 
Lxx,- ^L^x^,- ULxX'^,+ U LxX'',+ and a zero of order one along some curve Z. Then, 
by H28|l . we deduce that 

[Z] = (-3,-1,-2,-2,-2,-2,-2,6) 

in the Picard group. Therefore, if ft, S Q{S) defines a rational equivalence between ZU 
<j(Z) and some hyperplane sections, then the quaternion algebra (— 17, /i) represents 
an element of Br(S') of the desired class in Br(5')/Br(Q). 
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Denoting by g the numerator of /, we have 
9= [x^ + iy 



34 



+ [x^ + iy"^ -z^ ]=w)\v^ + V2yz + + (4C - \/^C^)(-y^ + iz' 

V34 



The simultaneous vanishing of g, p{g), T{g), and pT[g) defines the curve Z. Equiva- 
lently, writing 

9=Po+ PiC + P2C^ + PsC^ 
with Pi G Q{\/—17)[w, X, y, z] we have Z defined by the vanishing of pi for i = 0, . . ., 
3. A unique (up to scale) Q(V— 17) linear combination of these is defined over Q, 
namely 

1 4-V^ 1 4 + 7^ 
hi := ^Po + ^ Pi + ^ P3 

2, 2|22|o2 I 22, 4 4 

= wy + wz + X y + ax yz + x z + y — z . 

Then h — hi/x'^ is as desired. Cyclically permuting the variables y, and z, we obtain 
polynomials /12 and /13 such that the classes of (— 17, /li/x**) generate Br(S')/Br((Q)). 

The ramification pattern of an Azumaya algebra is an invariant of its class in 
Br(S'). However, in practice, the ramification pattern of an algebra {— 17, hi/x'^) is 
difficult to test on p-adic points where hi vanishes to high order. Hence it is helpful 
to have multiple rational functions determining the same class in Br(5)/Br((Q). We 
can obtain additional functions by repeating the previous construction for different 
solutions to H29|I - H3HI . For instance, {—S,e) is another solution. If we carry out the 
above procedure with this solution we obtain 

u 2, 2i22io2 ,22 4,4 

n,4 — wy + wz + X y + ax yz + x z — y + z , 

with the property that (-17, hi/x'^) and (-17, h^/x^) are equal in Br(5)/Br(Q). We 
obtain ^,5 and similarly: the effect of the full set of permutations of x, y, and z is 
that we now have two representatives of each of the generators of Br(5')/Br(Q). We 
let qi € Br(S') denote (—17, hi/x*), for each i. 

To gain full advantage of having these classes, we need to know how and qi+3 
differ in Br(S'). This is discovered by finding a relationship that makes explicit their 
equality in Br(S')/Br(Q). Using linear algebra, we have identified a rational equiva- 
lence on ^Q^y^Yy) between Z and the analogous curve for the function h^; its norm 
relates hi and h^ modulo the defining equation of S: 

1 
9 



hih/i 



11 2 
{-jwy"^ + ■^wyz + -wz^ + 17a;^y^ + 17a;^z^ - 4?/^ + y^ z + yz^ - Az'^) 



n[-^wy'^ + ^wyz + ^wz^ + x^y"^ + x^z^ + 4j/^ - y^z - yz^ + 4z^)^ 

4 I l«„,3^ o„,2.,2 I ic„,,3 QQ.,4\/^4 , „,4 , ^4 ^ „..2\ 



■Hy^ + l&y^z - 2y^z^ + l%yz^ - 33z4)(a;^ + y 



z w 



34 

Similar identities hold under cyclic permutations of x, y, and z, and we thus have 

qi = qi+3 

in Br(S'), for each i. 

Here are the results of the local analysis, confirming the presence of a Brauer-Manin 
obstruction: 
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• qi is unramified on points of S'(M) with w > and ramified on points with 
w < 0, for aU i. 

• <5'(Q2) is the disjoint union of two nonempty sets, U and R, such that each 
is unramified on U, and each is ramified on R. 

• At any point of S{Qi7), exactly two of {qi, q2, qa} are ramified. 

Remark 2. We produced the solution to H29|) - (|31|l by inspection. A more systematic 
way to proceed would be to solve just (|29|l . obtaining by descent a line bundle defined 
over Q{y^—17, \/2). Descending further to Q{y/—17) then hinges upon solving a norm 
equation for the quadratic extension Q(v'— 17) Q{^/—17, ^/2). 

Example 8. The case {A,B,C) ^ (-9826,-2,136) = {-2p^,~2,8p) with p = 17 
illustrates working with a non-cyclic Azumaya algebra. We have F — Q{(, -y/p). The 
Galois group of F over Q has order 16: 

In this case, H^{G,M) — Z/4. There is no Brauer-Manin obstruction coming from 
2-torsion in Br(S'). Indeed, the motivated reader can produce a subgroup H of index 
2 in G with H^{G/H,M") = Z/2 and show that (-2,136 + [y/xf + l%[z/xf) 
generates the 2-torsion in Br(S')/Br(Q), yet is unramified at all points S in every 
completion of Q. This means that the obstruction analysis requires a representative 
of a generator of Br(S')/Br(Q). 

The central element u :— iai'bi'cO'T of G satisfies 

- Q(z, ^) 

and 

Fi(G/(u),Af") =Z/4. 

We remark that the exceptional curves La.p,^ (a, /?, 7 G ^^4) ^-re defined over F"^ . The 
quotient G' :— G/{u) is isomorphic to the dihedral group D4; generators g := l^Lc 
and h := L^L'^a satisfy g"^ = h? = ghgh = e. We use the resolution of PropositionElto 
identify classes in H^{G',M^) with pairs {v,v') G (M")^ satisfying 

NgV^Nhv' = Q and Ngtv ^ Nghv' , (32) 

modulo those of the form (AgW, A^w). Now a generator of H^{G' , M") is the class of 
{vi , 0) where 

«i = (-1,0,1,0,0,0,0,0)= (33) 

Another representative for the same cohomology class is (^2, 0) where 

i;2 = (-1, 0, -1, 0, -1, -1, -2, 2) = - [L,,, ,,]. (34) 

To produce an Azumaya algebra from one of these cocycles (wi,0) we must find 
rational equivalences that reflect the identities 1)32(1 . In fact, for each of the cycle 
representatives given in and , the result of applying Ng^ is equal to zero as 
a cycle. So it remains only to find rational functions whose divisors are Ng applied 
to these cycle representatives. For (|33|) . a function that vanishes on U Li^^i,^i U 
Li^_i^i U Li^i^-i and has a simple pole along U U Li.i._i U Li_i._i is 

p{l + i)xz ^- iy'^ — {l/2)w 
p(-l + i)xz + iy^ + (l/2)w' 
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The corresponding rational equivalence for l|34() is 



/2 



p{l — i)xz + iy^ + (l/2)w 



For i 



p{l + i)xz — iy"^ + {l/2)w 

1 and 2 we have fi h{fi) = 1, and the cocycle 

(/„l,l)e(i^"(5)*)3 

determines an Azumaya algebra 21^ on S. 

We claim 2li and 2I2 are equal in Br(S') and are: 

• unramified at all points of >S'(Q2); 

• ramified at all points of >S'(Qi7); 

• unramified at all points of S'(R). 

The last of these claims is clear, since {fi, 1, 1) G §^ x {1} x {1} at any point of S{M.) 
(where C C* denotes the unit circle) and this is a connected subgroup of the group 
of cocycles, hence trivial in cohomology. 

For the claim regarding 2-adic points, we pause to discuss the cohomology group 



(I)4,(Q)2(«, vl7)*), where generators act by 



9- 




Consider the diagram of field extensions, where labels indicate fixed fields. 




Now by the resolution for 2D4 of Section^] a 2-cocycle is (r, s, t) with 

satisfying Nr — Ns Nt, where in each instance, N denotes the norm from the respec- 
tive field to Q2- Coboundaries are triples 

iNgC,Nhd,Ngh{c/d)) 

for c,d£Q2{i,VT7)*. 

At every 2-adic point of S, at least one of /i and /2 is defined and takes one of the 
following values mod 32: 

l+Qi l+8i l+16i l+24i 25-fl2i 25-|-20i 25+28i 

0+31i 8+Ui 24-F31i A+7i 12+7i 20+7i 28+7i 

n+Oi n+2Ai 3l+16i 3l+8i 7+28i 7+20i 7+\2i 7+Ai 

0+i 2A+i l6+i 8+i 28+25i 20+25i 12+25i 4+25i 



(35) 



We claim that for any cocycle (/, 1,1) with / (necessarily in Z2[i]) taking one of 
the values mod 32 listed in (|35|l . there exists c e Q2(*, v^Tz)* with NghC = 1 and 
NgC = f, SO in particular, (/, 1, 1) is a coboundary. Indeed, the image of Ng among 
c e Z2[i, \/T7] satisfying NghC = 1 is the set of / G Q{i)* with A^/ = 1 and / mod 32 
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equal to some value in the first row of H35(l . Also, there exists c £ Q2(«, v^T?)* with 
NghC — 1 and NgC — i. Since norms are multiplicative, the claim follows. 

The equality of 2li and 2I2 in Br(S') follows from having a function r € F^{S)*, 
whose norm by g is /2//1 and whose norm by gh is 1. Recall that {v2, 0) equals (ui, 0) 
in cohomology; explicitly this is by V2 — vi = Ag([Li.i^i] + Now r can be 

taken to be a rational function vanishing on Li._i^i U U .g(Li^i.i) U 

with a simple pole on Li_i^i U U U scaled appropriately. 

The 17-adic analysis is simpler because Q17 has %/— T, and hence we are reduced 
to analyzing norms for Qir — s- Qi7(v^T7). Norms for this extensions are just powers 
of 17 times 4-th powers in Z*^. Evaluating /i at points of ^'(Qiy) and substituting 
V— 1 for i yields the classes 8 and 15 mod 17, and these are not quartic residues. 

Remark 3. The analysis we have carried out in the examples could, in principle, be 
carried out algorithmically in any of the arithmetic classes of surfaces 5*. We have 
verified that, except in two uninteresting cases (in which one of A, B, and C has 
to be a square), the 2-torsion subgroup of Br(S')/Br(Q) is generated by the groups 
i7^(Z/2, M^) as H ranges over the index 2 subgroups of Galois group. In the cases 
with 4-torsion in Br(5)/Br(Q), the analysis can proceed as in ExampleEl 

Remark 4. In Examples 01 through |H1 the surface S always satisfies Pic(S') = Z. 
So, in considering the cases of del Pezzo surfaces of degree 2 covered by previous 
results, described in the introduction, we are consistently avoiding the non-minimal 
surfaces of case (i). Every surface that we are considering is in some obvious ways, a 
double cover of Chatelet surfaces (one can pass to invariants for any projective linear 
transformation of x, y, and z which is an involution preserving Ax'^ + By'^ + Cz^). But 
in every example, the resulting Chatelet surfaces satisfy the Hasse principle (this can 
be seen by directly exhibiting rational points, combined with appeal to 8, Theorem 
B]). In at least one case. Example |S1 it is easy to exclude the surface from being 
birational to a conic bundle, since Br(S')/Br(Q), a birational invariant, is 2-torsion 
for conic bundles. 



8. Appendix: Cyclic Azumaya algebras on diagonal cubics 

In [H], there is an analysis of the Brauer-Manin obstruction on a diagonal cubic 
surface S, given by 

Ax^ + By^ + Cz^ + Dt^ = 0, (36) 

with A, B, C, and D positive integers. Let 9 = e^'^'/^; first of aU, S{Q) = if and only 
if S{Q{9)) — 0, and hence it suffices to work over the field k :— Q{9). The analysis 
proceeds by constructing Azumaya algebras that are split by a bicyclic extension of 
k and computing local invariants. 

Here we simplify the algorithm proposed in 1^ by constructing cyclic Azumaya 
algebras on Sk which generate Br(S'fc)/Br(fc). We use descent to exhibit the necessary 
cycles, as in Example 

We start by making the following assumption: 



^AB/CD i Q, ^ACjBD i Q, ^ADjBC i Q 
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(in all other cases, the Hasse principle is known to hold). Then we define 
a=^/BjA f3^ i/D/C 7= ^AD/BC = a-^l3 



a' = ^/CJA p' = ^JD/B 

We assume, further, that S'(Qp) 7^ for all primes p. Set K — ^(7, a); the assumption 
implies 

[K ■.k]= 9. (38) 
We need notation for the following divisors on 5^,: 

^ ' 1 z+e'(3t = ^ ' \ z+e'+^pt = ^ ' \ z+o'+^fit = 



and 



Define 



M{i) 



x+e'a'z = 
y+e'+'^P't = 



L = L{0) + L{1) + L{2) and M = M(0) + M(l) + Af(2). 

Now L + M is comprised of 6 pairwise disjoint lines; blowing these down we have 
Sj^ ^ IP^- Take i to be the class of a general line in P?, so 

Si = -Ks + L + M. 

By results in 0, we have 

Z/3 = i/i(Z/3,Pic(5fe(^))) ^ Br(^fe)/Br(fc), 

generated by the class in (Z/3, Pic(S'fe(-y) )) of £ — L or £ — Af (where we use H22(l to 
identify elements with cohomology classes). In ;6 , the following procedure is proposed 
to obtain a nontrivial Azumaya algebra on Sk- 

(i) Find a divisor D defined over ^(7) in the class ^ — L or ^ — M, 

(ii) Find a function in ^(5") whose divisor is the union of D and its Galois conju- 
gates. 

Unfortunately, the classes in Pic(S'fc(-y)) of sums of lines defined over S'fe(^) fail to 
represent any nonzero elements of (^/3, Pic(5/j(^) )), and the further field extension 
required to find suitable sums of lines accounts for much of the complication of the 
analysis of 6 . 

We show that (i) can be carried out by solving a norm equation. Then (ii) reduces 
to some linear algebra. For (i), we start with the further field extension ^(7) K 
and the divisor D := L'{2) — i"(0) in class £ — M (cf. 6_). Denote by a the element 
of Gal{K/k{j)) which sends a to 9a. For the fine bundle Osk{D) to descend to /c(7) 
we must supply an isomorphism 

OsAL'{2) - L"m ^ OsAL'iO) L"{1)) 

satisfying 

a'(0°'^(e)°e = i- (39) 

Looking at the defining equations, we see ^ must be of the form 

z + pt 

^ = — 

X + ay 
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for some e G k{"f). Now the condition (p?^ is equivalent to 

NK/ki-,){e)^~CIA. (40) 

Concretely, if 

£ = A + /ia + va^ 
with A, /X, i/ S fc(7), then H40() expands as 

Equation H41|l has a solution, by the Hasse principle. There is also an a priori bound 
on the size of some solution ^^l- An effective algorithm exists; see for example jlOj. 
Algorithms from |2] and |5] have been implemented in magma. 

Define fc' = fc(7). By descent we have a line bundle £ on Sk'- Also by descent, a 
rational section of £ is given by 

_ {x+eay){x+9^ay) + a^e{x+9ay){z+0'^ (3t) + aea^e{z+9pt){z+e^ pt) 

{x+0ay) (x+O^ay) 

Then, with respect to local trivializations of the section / has a simple pole on 
L"(0) + L"{1) + L"{2) and vanishes to order one along some cubic curve C. Hence 

C = -2L - M + M 

in Pic(S'fc'), and C + Ks = — i + £ is a divisor as desired. 

We compute — 1 and C ■ Ks — —3, which implies that its genus is zero, so C 
is geometrically a twisted cubic. Denoting by g the numerator of /, explicit defining 
equations of C C S* over K are g = a{g) = {g) = 0. It is possible to express 

90 + gia + 32^^ 

for go, gi, 32 S k'[x, y, z, t], and after a bit of algebra we find 

go = a;2 + \xz + {B/A)vxt-i + 9'^ {B / A) ^yt-/ + 9'^{B/A)vyz 

+ [A2 - {B/A)nu]z'' + {BlA)[\v - ^?)zt-f + {B/A)[[BlAy - Mt'l'' 

gi = -xy + 9^iJ.xz + 9'^Xxt-f + 9Xyz + 9{B/A)iyyt-/ + [(B/A)i/2 - A^]^^ 

+ [(SM)/Xi. - \^]zt-f + (SM)(^2 _ Xiy)t^^^ 

g2 = 9vxz + 9iixtj + y'^ + ^yz + A2/i7 

+ (m^ - Azy)22 + [A^ - {B/A)v^]zt-i + [A^ - [B / A) ^iv]t^ 
Now C is defined over k' as a subvariety of S by the equations 

50 = 51 = 52 = 0. (42) 

In fact, we have 

gQ{Ax - AXz - Bujt) + gi{-Bvz - B^jt) + 52 (By - Bfiz - BXjt) 

= Ax^ + By^ + Cz^ + Dt^ 

so (I42|) defines C over k' as a subvariety of P'^. We have completed task (i). 

For task (ii), we claim there exist linear polynomials £q, £1, £2 G k'[x,y,z,t\ such 
that the polynomial 

h = go£o + 51^1 + 52^2 (43) 
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is in k[x, y, z, t] and is not proportional to {Ax'^ + By^ + Cz^ + Dt^). Knowing this, 
a modern linear algebra solver can effectively produce such Iq, £i, and £2- Then the 
division algebra generated over k(S) by noncomniuting variables r and s subject to 
relations 

= AD/BC, = h/x^, sr = Ors, 

is the restriction of an Azumaya algebra over Sk generating Br(S'fc)/Br(fc). 

To justify the claim, notice first that there exists a rational function on Sk whose 
divisor is 3H — C — pC — p^C, where H is a. hyperplane section and p is a generator 
of Gal(fc'//c). Next, by a dimension computation, we have an isomorphism 

H°{Vl,0{i))/{Ax^ + By^ + Cz^ + Dt^) H°{S, 3H) 

so this rational function must be of the form h/£^ (assuming that H is defined by the 
vanishing of the linear form £). Finally, a syzygy computation shows that h can be 
expressed in the form H43|) . Indeed, (|42|l defines C in P^, so we know £'^h lies in the 
ideal (50151152) of k'[x,y,z,t\, for some d. Suppose d>l and 

2 

£^h = J29rrr, 

i=0 

with Ti G k'[x,y, z,t] for i = 0, 1, 2. Now it suffices to show that there exist sq, si, 
S2 G k'[x, y, z, t] such that giSi = 0, and £ divides — Si for each i; then we have 
£'^~^h = gi{ri — Si)l I and we can proceed inductively. In other words, it suffices to 
show that the map on Koszul complexes for (50,51,52), induced by the quotient map 
k'\x^ y, z, t] k'[x, y, z, t]/ {£), gives rise to a surjection on the first homology modules. 
It is enough to verify this over the algebraic closure, and we are reduced to the case 
of (50,51,52) defining the twisted cubic, for which it is a standard computation. 
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